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Section Summary

Mathematical Proofs

Forms of Theorems

Direct Proofs

Indirect Proofs
e Proof of the Contrapositive
e Proof by Contradiction

Everyone knows that proofs are important throughout mathematics,
but many people find it surprising how important proofs are in
computer science. In fact, proofs are used to verify that computer
programs produce the correct output for all possible input values, to
show that algorithms always produce the correct result, to establish the
security of a system, and to create artificial intelligence. Furthermore,
automated reasoning systems have been created to allow computers to
construct their own proofs.
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Proofs of Mathematical Statements

A proof'is a valid argument that establishes the truth of a
statement.

In math, CS, and other disciplines, informal proofs which are
generally shorter, are general]i)y used.
e More than one rule of inference are often used in a step.
e Steps may be skipped.
e The rules of inference used are not explicitly stated.
» Easier for to understand and to explain to people.
e But it is also easier to introduce errors.
Proofs have many practical applications:
e verification that computer programs are correct
 establishing that operating systems are secure
e enabling programs to make inferences in artificial intelligence
e showing that system specifications are consistent
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Definitions

A theorem is a statement that can be shown to be true using:
e definitions
o other theorems
 axioms (statements which are given as true)
e rules of inference

A lemma is a ‘helping theorem’ or a result which is needed to
prove a theorem.

A corollary is a result which follows directly from a theorem.
Less important theorems are sometimes called propositions.

A conjecture is a statement that is being proposed to be true.
Once a proof of a conjecture is found, it becomes a theorem. It
may turn out to be false.
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Forms of Theorems

Many theorems assert that a property holds for all elements
in a domain, such as the integers, the real numbers, or
some of the discrete structures that we will study in this
class.

Often the universal quantifier (needed for a precise
statement of a theorem) is omitted by standard
mathematical convention.

For example, the statement:
“If x >y, where x and y are positive real numbers, then x2 > y>”
really means

“For all positive real numbers x and y, if x >y, then x> > y2 ”
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Proving Theorems

Many theorems have the form:

vz(P(z) — Q(z))
To prove them, we show that where c is an arbitrary
element of the domain, P(c) = Q(c)

By universal generalization the truth of the original
formula follows.

So, we must prove something of the form: p — ¢
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Proving Conditional Statements: p — g

Trivial Proof: If we know ¢ is true, then
p — q istrueas well.

“If it is raining then 1=1."

Vacuous Proof: If we know p is false then
p — g istrueaswell.
“If  am both rich and poorthen 2 +2 =5"

| Even though these examples seem silly, both trivial and vacuous
proofs are often used in mathematical induction, as we will see
in Chapter 5) |
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Even and Odd Integers

Definition: The integer n is even if there exists an
integer k such that n = 2k, and n is odd if there exists
an integer k, such that n = 2k + 1. Note that every
integer is either even or odd and no integer is both
even and odd.

We will need this basic fact about the integers in some
of the example proofs to follow. We will learn more
about the integers in Chapter 4.
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Proving Conditional Statements: p — g

Direct Proof: Assume that p is true. Use rules of inference,

axioms, and logical equivalences to show that g must also
be true.

Example: Give a direct proof of the theorem “If n is an odd
integer, then n? is odd.”

Solution: Assume that n is odd. Then n = 2k + 1 for an
integer k. Squaring both sides of the equation, we get:

n’> = (2k+1)? =4k*+ 4k+1=202k*+ 2k) + 1=2r+1,
where r= 2k? + 2k, an integer.

We have proved that if n is an odd integer, then n? is an
odd integer. <

(€ marks the end of the proof. Sometimes QED is
us%mgl:ze—ggmgte Mathematics -Dr. F. Fkih
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Proving Conditional Statements: p — g

Definition: The real number r is rational if there exist
integers p and g where g#0 such thatr=p/q

Example: Prove that the sum of two rational numbers
is rational.

Solution: Assume r and s are two rational numbers.

Then there must be integers p, g and also t, u such
that

fr—p/qj S—t/u £l g -0

g — _|_ — pu—l—q — U where v = pu+ gt
qu w w=qu#0
Thus the sum is ratlonal. <
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Proving Conditional Statements: p — g

Proof by Contraposition: Assume =g and show —p is true also. This is
sometimes called an indirect proof method. If we give a direct proof of
—q — —pthen we have a proof of p — q.

Why does this work?
Example: Prove that if n is an integer and 3n + 2 is odd, then n is

odd.

Solution: Assume n is even. So, n = 2k for some integer k. Thus
3n+2=3(2k) +2=6k+2=23k+1) =2/ forj = 3k +1

Therefore 3n + 2 is even. Since we have shown —g— —-p, p— ¢

must hold as well. If n is an integer and 3n + 2 is odd (not even),
then n is odd (not even). <
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Proving Conditional Statements: p — g

Example: Prove that for an integer n, if n? is odd, then n is

odd.

Solution: Use proof by contraposition. Assume n is even
(i.e., not odd). Therefore, there exists an integer k such

that n = 2k. Hence,
n? = 4k? =2 (2k?)
and n? is even(i.e., not odd).

We have shown that if n is an even integer, then n? is even.
Therefore by contraposition, for an integer n, if n? is odd,
then n is odd. <
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_Proving Conditional Statements: p =g _—

Proof by Contradiction: (AKA reduction ad absurdum).

Suppose we want to prove that a statement p is true.
Furthermore, suppose that we can find a contradiction g such

that —p — q is true. Because g is false, but —p — g is true, we
can conclude that —p is false, which means that p is true.

To prove p, assume —p and derive a contradiction such as pA—p.

(an indirect form of proof). Since we have shown that —=p —>F is
true, it follows that the contrapositive T— palso holds.

Example: Prove that if you pick 22 days from the calendar, at
least 4 must fall on the same day of the week.

Solution: Assume that no more than 3 of the 22 days fall on the
same day of the week. Because there are 7 days of the week, we
could only have picked 21 days. This contradicts the assumption

that we have picked 22 days. -
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Proof by Contradiction

A preview of Chapter 4.

Example: Use a proof by contradiction to give a proof that V2 is
irrational.

Solution: Suppose V2 is rational. Then there exists integers aand b

with V2 = a/b, where b# 0and aand bhave no common factors (see
Chapter 4). Then 5

2=% e
Therefore a° must be even. If a7 is even then a must be even (an
exercise). Since ais even, a = 2¢ for some integer ¢ Thus,

ob% — 4.2 b2 — 9¢*
Therefore 27 is even. Again then h must be even as well.
But then 2 must divide both aand b. This contradicts our assumption
that aand 4 have no common factors. We have proved by contradiction

that our initial assumption must be false and therefore V2 is

irrational .
<4
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Proof by Contradiction

A preview of Chapter 4.

Example: Prove that there is no largest prime number.

Solution: Assume that there is a largest prime
number. Call it p.. Hence, we can list all the primes
2,3,.., p,- Form

" =PpD1 X P2 X ... X Dn + 1

None of the prime numbers on the list divides r.
Therefore, by a theorem in Chapter 4, either r is prime
or there is a smaller prime that divides r. This
contradicts the assumption that there is a largest
prime. Therefore, there is no largest prime. <
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What is wrong with this?

“Proof” that1=2

Step Reason

Lia=15 Premise

dar =g <) Multiply both sides of (1) by a
3.a°2 —-b>=axb—10b? Subtract b* from both sides of (2)
4. (a—b)(a+b) =bla—0b) Algebra on (3)

5. a+b=10b Divide both sides by a — b
6260 Replace a by b in (5) because a = b
o=l Divide both sides of (6) by b

Solution: Step 5. a - b = 0 by the premise and
division by 0 is undefined.
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Looking Ahead

[f direct methods of proof do not work:

e We may need a clever use of a proof by contraposition.

e Ora proof by contradiction.

e In the next section, we will see strategies that can be
used when straightforward approaches do not work.

e In Chapter 5, we will see mathematical induction and
related techniques.

e In Chapter 6, we will see combinatorial proofs
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Nonconstructive Existence Proofs

In a nonconstructive existence proof, we assume no c
exists which makes P(c) true and derive a
contradiction.

Example: Show that there exist irrational numbers x
and y such that x? is rational.

Proof: We know that V2 is irrational. Consider the
number V2 V2, Ifit is rational, we have two irrational
numbers x and y with x¥ rational, namely x = V2
and y= V2. Butif V2 V2 is irrational, then we can let
x=+2"V2 and y=+/2 so that

x¥ =( 2\/2)\/2=\/2(\/2\/2)=\/22=2_ <
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Counterexamples

Recall dx-P(x) = -VzP(x).

To establish that =VxP(z) is true (or VzP(z) is false)
find a ¢ such that —P(c) is true or P(c) is false.

In this case c is called a counterexample to the
assertion VzP(z).

Example: “Every positive integer is the sum of the
squares of 3 integers.” The integer 7 is a
counterexample. So the claim is false.
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